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Abstract

LLM-based agents are bottlenecked by the
strictly sequential nature of their interaction
loop: each step must wait for the previous LLM
call to resolve before the next can begin. Spec-
ulative actions extend the speculative-decoding
paradigm to the action level by overlapping
a slow Actor with a fast Speculator, yielding
lossless speedups. Existing approaches either
expand speculation horizontally (multiple can-
didate actions in parallel at one step) or ver-
tically (a single deep chain of pre-launched
calls), but no prior work jointly exploits both
dimensions. We propose Multi-Step Specula-
tive Actions (MSSA), a unified, event-driven
algorithm that builds a tree of pre-launched
Actor and Speculator calls during the time
the root Actor is in flight, allowing multiple
confirmed steps to cascade back-to-back with-
out any cold restart. On a chess agent bench-
mark with three Actor—Speculator configura-
tions, MSSA achieves up to 40.0% end-to-
end latency reduction over sequential execu-
tion, exceeding the strongest breadth-only base-
line by up to 20.6 percentage points. Our
analysis shows that cascaded hits—consecutive
confirmations enabled by depth speculation—
become the dominant source of speedup as
the speculation breadth grows, confirming
that breadth and depth interact constructively.
Code is available at https://github.com/
bhushansshah/multi-step-spec-action.

1 Introduction

The latency of a single LLM forward pass has
become a first-class bottleneck for large-scale de-
ployment. Speculative decoding (Leviathan et al.,
2023; Chen et al., 2023) addressed this at the foken
level by pairing a fast draft model with a slow veri-
fier, delivering 2—3 x wall-clock speedups without
changing the output distribution. The same idea is
increasingly central in tree-based extensions such
as Speclnfer (Miao et al., 2024), Medusa (Cai et al.,
2024), and EAGLE (Li et al., 2024).
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A parallel research thread has scaled language
models far beyond single-shot generation: LLM-
based agents now orchestrate multi-step trajecto-
ries of tool calls, API invocations, and environment
interactions to accomplish complex tasks (Yao
etal., 2023; Shinn et al., 2023; Park et al., 2023; Liu
et al., 2024). These agents are typically structured
as a strictly sequential perceive-reason—act loop:
every step blocks until the previous LLM call re-
turns. State-of-the-art agentic systems require tens
of minutes per episode for OS-level tasks (Xia et al.,
2024a; Jimenez et al., 2024), deep research (Yoran
et al., 2024), multi-step web search (Mialon et al.,
2024), or complex games (Guertler et al., 2025;
Ye et al., 2025). In real-time or safety-critical
settings—autonomous driving (Mao et al., 2023;
Sima et al., 2024), clinical decision support (Tu
et al., 2025), and financial monitoring or trad-
ing (Yu et al., 2024)—even a few seconds of se-
quential overhead can be unacceptable, yet switch-
ing to a smaller model sacrifices reasoning qual-
ity. The central question is therefore: how can we
accelerate LLM agents without compromising the
actions they take?

Speculative actions (Ye et al., 2025) answer
this by lifting speculative decoding from the token
level to the action level. Considering an agentic
setting, While a slow Actor computes the ground-
truth action at the current step, a fast Speculator
predicts likely next actions and pre-launches the
corresponding Actor calls for the next step. If
any pre-launched speculator call matches the Ac-
tor’s true output, then the next step is already in
flight when needed; if none matches, speculative
work is discarded and execution proceeds normally,
guaranteeing identical final trajectories to a non-
speculative agent.

The gap. Two strategies dominate prior
speculative-action work, and each uses only one
way of spending speculative compute. Breadth-
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focused speculation (Ye et al., 2025) emits b
candidate actions in parallel at the current step.
When one of these guesses turns out to match the
action the Actor actually takes—a hir—the Actor
call for the next step has already been pre-launched,
so that step is effectively free. However, breadth
looks only one step ahead and pipeline must begin
again from scratch (it restarts cold) at every step.
This caps the achievable speedup at one saved
step per hit. This will be more clear in Section 3
Depth-focused speculation (Ye et al., 2025; Guan
et al., 2025) instead extends a single predicted
branch many steps into the future, so that several
consecutive steps can be confirmed back-to-back
without waiting—a cascade—Ilifting the one-step
ceiling. The drawback is that a deep chain is built
from a sequence of guesses stacked on top of one
another, and the whole chain is useful only if
every guess along it is correct. A single wrong
guess early in the chain invalidates everything
below it, so the probability that the chain survives
shrinks quickly as it grows deeper. Crucially, no
prior work jointly explores breadth and depth or
characterizes how to allocate a fixed speculative
budget across the two.

Contributions. We close this gap with the fol-
lowing contributions.

1. We propose Multi-Step Speculative Actions
(MSSA), a single event-driven algorithm that
simultaneously expands the speculative tree in
breadth and depth, subject to a single budget
parameter (max_inflight_actor).

2. We provide an empirical study on a chess
agent across three Actor—Speculator pairs span-
ning GPT-OSS and Qwen-3, showing that
MSSA consistently outperforms the breadth-
only baseline—by up to +20.6 percentage
points of time saving.

3. Through breadth and depth ablations, we iden-
tify cascaded hits as the primary driver of
speedup beyond what breadth alone can de-
liver, and show that neither dimension yields un-
bounded gains: time saving plateaus as breadth
grows past the point where the Speculator’s cov-
erage saturates, and as the Actor budget grows
past the point where the tree can productively
use additional depth. This characterizes a prac-
tical sweet spot in the breadth—depth tradeoft.

2 Related Work
Speculative decoding. Stern et al. (2018) first

explored parallel decoding for autoregressive
models. Speculative decoding in its modern
form (Leviathan et al., 2023; Chen et al., 2023)
pairs a small draft model with a large verifier
to produce identical samples in fewer wall-clock
steps. Subsequent work extends this with tree-
structured verification (Miao et al., 2024), multi-
head drafts (Cai et al., 2024), feature-level pre-
diction (Li et al., 2024), and adaptive draft se-
lection (Kim et al., 2023); see Xia et al. (2024b)
for a survey. This direction continues to advance.
Recent work refines the draft—verifier interface
along complementary axes: Li et al. (2026) pre-
dict fused multi-layer features at training time to
improve draft fidelity; Bachmann et al. (2025) re-
lax strict token-level alignment so that objectively
valid drafts are not needlessly rejected; and Timor
et al. (2025) dispense with the shared-vocabulary
assumption to permit lossless drafting across het-
erogeneous tokenizers. All of these operate at the
token level and therefore reduce the cost of a single
LLM call, not of a multi-step agent loop.

LLM agents. Agentic frameworks compose
LLM calls with tool invocations and envi-
ronment feedback (Yao et al.,, 2023; Schick
et al., 2023; Shinn et al., 2023). Benchmarks
such as 7-bench (Yao et al.,, 2025), Agent-
Bench (Liu et al., 2024), WebShop (Yao et al.,
2022), SWE-bench (Jimenez et al., 2024), and
TextArena (Guertler et al., 2025) quantify capa-
bility but also expose long episode latencies as a
major obstacle to deployment and reinforcement-
learning training.

Speculative actions. Ye et al. (2025) introduced
action-level speculative execution and studied a
breadth variant that pre-launches b candidate ac-
tions per step. Guan et al. (2025) propose Dy-
namic Speculative Agent Planning, which uses
asynchronous online reinforcement learning to
adapt the depth of a single forward chain while
trading off latency against cost. Several concurrent
works also speed up the agent loop by overlapping
the slow model with faster speculation, but each
explores a different direction: Nichols et al. (2025)
predict tool calls with a lightweight speculator ver-
ified by the main model; Sui et al. (2026) exploit
recurring control-flow patterns to speculatively exe-
cute entire tool-call sequences; Hooper et al. (2026)
combine asynchronous I/O with speculative read-
only tool calls held until confirmation; and Huang
et al. (2025) co-design algorithm and system to



Symbol Meaning

Environment & policy

St State at step t; so is the initial state.

T Horizon (total number of steps in an
episode).

m(s)

Policy mapping state s to (h, q).

he,qe Header (which API/tool) and query
(its arguments) at step ¢.

f(s,a) Deterministic transition function;
St+1 = f(St, at).

Roles

Actor Slow, authoritative LLM (or tool); re-
turns a; given (hy, qt).

at Ground-truth action committed at step
t.

Speculator g Fast predictor; returns b candidate ac-
tions from (s¢, e, g¢ ).

a® The Speculator’s ¢-th candidate action.

b Speculation breadth (number of Spec-
ulator candidates per node).

MATCH(&, a) Predicate testing equivalence of & and

a (exact string match in our case).

Speculative tree & budget

T Speculative tree; root is the current
confirmed state.

U A node in 7 (a speculative state plus
its pending Actor/Speculator calls).
a Pending (in-flight) action handle from

an asynchronous call.

Cap on concurrent Actor calls (con-
trols effective tree depth).

max_inflight_actor

Table 1: Notation used for MSSA

speculate search-agent actions. All of these threads
commit to either a single speculative chain or one
layer of candidates, and none characterizes the
joint breadth—depth allocation. MSSA generalizes
breadth and depth into a single tree-based pipeline
parameterized by (b, max_inflight_actor), in the
spirit of tree-structured verification (Miao et al.,
2024) but at the action level, building on the clas-
sic principle of issuing future work eagerly under
uncertainty.

3 Methodology
3.1 Setup

We consider an agent that interacts with a deter-
ministic environment for 7" steps. At each step the
agent must decide which external resource to in-
voke and with what input: a policy 7(s) maps the
current state s to a pair (h, q), where the header
h specifies the API or tool to call and the query
q specifies its parameters or payload. Keeping h
and ¢ abstract makes the framework environment-

agnostic. In our chess environment, each player’s
move is produced by an LLLM call conditioned on
the board: h; encodes whose turn it is and ¢; en-
codes the board state, so (h¢, g;) together form the
prompt header and query of the LLM request.

A slow Actor returns the ground-truth action
ag ~ Actor(hy, ¢¢), and a fast Speculator § returns
b candidate actions {a"), ..., a(®} it believes the
Actor is likely to take. The environment transi-
tions deterministically via s;y1 = f(s¢,a¢), and
a domain-specific predicate MATCH(a, a) checks
equivalence between a speculative action and the
ground truth (exact string match, in our setting).
Both calls are issued asynchronously and return
pending handles that resolve later. Table 1 collects
all notation used in this section and the next. In our
agentic chess setting the Actor is itself an LLM, but
the framework places no such restriction: in a fully
agentic deployment the Actor can be any tool, API,
or environment the agent has access to, as long as
its output can be matched against the Speculator’s
guesses.

3.2 Pipeline Comparison

Figure 1 contrasts the three pipelines. In the se-
quential baseline, each Actor call begins only after
the previous one resolves: in the chess setting, the
LLM call for the next player’s move cannot be
issued until the previous player’s LLM call has
returned, so every move sits idle waiting for the
one before it. In the breadth-only pipeline (Ye
et al., 2025), the Speculator at s; emits b candi-
date actions, each of which seeds one pre-launched
Actor call from its hypothetical next state. Once
the Speculator returns and these Actor calls are
pre-launched, the system still waits for the orig-
inal Actor at s; to return its ground-truth action;
the branch whose prediction matches a; is then
kept, and the rest are pruned or stopped. Because
speculation extends only one step ahead, each new
confirmed state restarts speculation from cold.
Our multi-step pipeline speculates recursively.
We call any hypothetical, not-yet-confirmed fu-
ture state a speculative state. Unlike breadth-only,
a speculative state does not merely host a pre-
launched Actor call: it also launches its own Spec-
ulator, whose b candidates create the next layer of
speculative states, which in turn launch their own
Speculators, and so on. While the root Actor is still
in flight, this process builds a tree of speculative
states several levels deep, so that work for steps
t+1,t+2,... is already in progress before step ¢
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Figure 1: Three execution pipelines. Sequential: each Actor (blue) waits for the previous one. Breadth-only: a
single layer of b speculative Actor calls is pre-launched; non-matching branches are pruned (hatched red). Multi-
step (ours): speculation builds a tree of pre-launched Actor/Speculator calls; matching descendants cascade-commit
without network wait, yielding the time saved over the sequential baseline. Blue arrows are Actor calls, red arrows

Speculator calls.

is even confirmed. When the root Actor resolves,
MSSA keeps the matching child and immediately
checks whether that child’s Actor has already re-
solved; if so, a cascade of consecutive confirma-
tions proceeds with zero additional latency. We
illustrate all three pipelines on a short chess rollout
in Figure 1; a step-by-step walkthrough with the
full notation is deferred to Appendix B.

3.3 Algorithm

Goal. The algorithm must roll out an episode
of T actions but spend the time the slow Actor
is blocked doing useful work for future steps. To
do this it keeps a tree of speculative states. Each
node of the tree holds one speculative state together
with the two calls issued for it—an Actor call and
a Speculator call. The root is always the current
confirmed state. The tree forms because each Spec-
ulator call returns b guesses, and we turn every
guess into a child node that itself launches a Specu-
lator and an actor those children’s guesses become
grandchildren, and so on. The only thing that limits
how far this grows is max_inflight_actor, a single
integer bounding how many Actor calls may be in
flight at once: Speculator calls are cheap and fire as
soon as a node is created, but an Actor call beyond
the budget is deferred until a slot frees. This budget
is the primary knob in the depth—cost tradeoff.

Structure. Algorithm 1 is an event loop with two
handlers. The main loop seeds the root and then
repeatedly waits for any pending Actor or Specula-
tor call anywhere in the tree to finish, dispatching
it by type.

ONSPECULATORDONE(u, {a("}) expands the
tree one level under node u. For each of the b
guesses al it computes the hypothetical next state
s = f(u.s,a) and its policy target (h',q') =
7(s’), and “creates a child ¢” for it—a new node
recording the guess, s', and (1, ¢’). If the Actor
budget allows, it immediately pre-launches that
child’s own Actor and Speculator calls, which is
what makes the speculation recursive and grows
the tree deeper while the root Actor is still blocked.

ONACTORDONE(u, a*) records the Actor result
a* on node u. If u is not the root, there is nothing
to commit yet and it returns. If u is the root, the
root’s Actor has produced the ground-truth action,
so the algorithm commits it (s;41 < f(s¢,a*), t
advances) and looks for the child of the root whose
guessed action matches a* via MATCH. If no child
matches (Miss), the speculative tree was wrong; it
is discarded and a fresh root is started from the con-
firmed state—costing exactly the sequential base-
line at that step. If a child matches (Hit), that
child becomes the new root. The algorithm then
enters the inner loop “commit; advance root via
match; tally Cascade”: as long as the new root’s
Actor call has already resolved (because it was
pre-launched while the old root was blocked), the
algorithm can commit that step too, advance the
root again through its matching child—repeating
until it reaches a root whose Actor is still pend-
ing or a mismatch ends the streak. Each cascaded
step is a full Actor round-trip saved over both the
sequential and breadth-only baselines.



Algorithm 1 Multi-Step Speculative Actions
(MSSA)

Require: so, T, f, w, §; budget max_inflight_actor
Main loop
: T .root <— MAKEROOT(s0)
: whilet < T do
(e, u) < await any pending call in 7~
if e is Speculator then ONSPECULATOR-
DONE(u, e.preds)
else ONACTORDONE((u, e.action)
: end while

RN

A

7: function ONSPECULATORDONE(u, {aV}2_))
8: for i = 1to bdo

9: s flu.s,aD); (W', ¢ )n(s")

10 create child ¢ with (aV, s', b/, ¢')

11: if |inflight_actor| < max_inflight_actor then
12: C.Gactor < Actor (b, q)

13: C.lgpec+9(s', b, q")

14: end if

15: end for

16: end function

17: function ONACTORDONE(u, a™)
18: u.a” <—a”; if u # T .root return

19: repeat > root resolved: commit and cascade

20: St4+1 <—f(st,a*); t+=1

21: m < child of root with MATCH(c.d, a™)

22: if m is None then > Miss

23: T .root<— MAKEROOT(s;); return

24 end if

25: T .root<m > Hit

26: while ¢ < T and root.a™ resolved do

27: commit; advance root via match; tally Cas-
cade

28: end while

29: untilt > T
30: end function

Losslessness. Like prior speculative-action
work (Ye et al., 2025), MSSA only commits an
action when the Actor itself has produced it;
speculative branches are used solely to pre-warm
Actor calls. The committed trajectory is therefore
identical, action by action, to the sequential agent.

4 Experimental Setup

Models. We evaluate three Actor—Speculator
pairs that span open-weight families and reasoning
budgets: (i) GPT-OSS-120B as Actor with GPT-
OSS-20B as Speculator; (ii) GPT-OSS-120B as
both Actor and Speculator, with medium reason-
ing effort for the Actor and reasoning disabled for
the Speculator; and (iii) Qwen3-235B (Actor) with
Qwen3.6-35B (Speculator) (Yang et al., 2025). In
every pairing the Actor is run with medium reason-
ing effort while the Speculator runs with reasoning
disabled, so in pairing (ii) the two roles use the
same model and differ only in reasoning config-
uration. Pricing per million tokens is reported in

Appendix C.

Environment. We use the deterministic chess
environment from TextArena (Guertler et al., 2025).
Actions are UCI strings (e.g. e2e4), enabling exact-
string matching. Each episode runs 20 steps for
the main comparison (Section 5.1) and 15 steps for
all subsequent analyses; in every case we replicate
five to six trajectories per configuration.

Metrics. We report four metrics. (i) Time
saving AT = (Tyy — Typec)/Tseq» Where
Tieq 1s the wall-clock time to complete a full
episode under the sequential baseline and T,
is the wall-clock time to complete the same
episode under speculative execution; a larger
AT means a larger speedup. (ii) API cost: the
total cost per episode in USD, computed from
provider-reported token usage. (iii) Hit rate H =
L 1[32‘ e{1,...,b}: MATCH(&S),at)},
the fraction of the N committed steps at which
at least one of the Speculator’s b predictions &g”
matched the Actor’s ground-truth action a;. A
step is a hit if any of its b guesses was correct
and a miss otherwise. (iv) Cascaded hit rate:
the fraction of steps in the trajectory that are hits
whose immediate predecessor was also a hit. We
distinguish two kinds of hits. A regular hit is
the first hit in a consecutive run—a hit at step
t whose predecessor (step t—1) was a miss, or
which is the first step. A cascaded hit is any
hit whose predecessor was also a hit; these are
exactly the steps that the warm pipeline commits
with no cold restart. Cascaded hits are counted
separately and are not included in the regular
hit count, so the total number of hit steps is the
sum of regular and cascaded hits. This separation
isolates the contribution of depth speculation: only
cascaded hits yield the back-to-back commits that
breadth-only speculation cannot produce.

Infrastructure and provider pinning. All mod-
els are accessed via OpenRouter. Because Open-
Router dynamically routes requests across up-
stream providers with widely varying latencies,
we pin the provider in every request to eliminate
confounding. Rather than minimizing latency uni-
formly, we pin providers to deliberately reproduce
the asymmetry the framework assumes—a slow,
authoritative Actor and a fast Speculator: the Ac-
tor is pinned to a higher-latency provider and the
Speculator to a low-latency one (typically a Grog-
hosted endpoint), preferring low variance in both



Time saving (%)  Cost ($/ep.)

Model Pair MSSA Brd. App MSSA Brd.
Actor: GPT-120B 33.6 13.5(4+20.1) 0.428 0.068
Spec.: GPT-20B

Actor: GPT-120B 36.0 28.2(4+7.8) 0.269 0.036
Spec.: GPT-120B

Actor: Qwen3-235B  40.0 19.4 (+20.6) 1.326 0.676

Spec.: Qwen3.6-35B

Table 2: MSSA vs. the breadth-only baseline (Brd.)
across three Actor—Speculator model pairs, both run at
b=2 and max_inflight_actor=25. Time saving is rela-
tive to sequential execution (higher is better); cost is
USD per 20-step episode. App is MSSA — breadth in
percentage points.

cases. This simulates the realistic deployment
regime where the Actor is the dominant latency
bottleneck and the Speculator resolves well ahead
of it.

5 Results

5.1 MSSA v/s Breadth Pipeline Comparison

Table 2 compares MSSA with the breadth-
only baseline (Ye et al., 2025) at b=2 and
max_inflight_actor=25. Each reported time-
saving and cost value is the mean over 3 episodes
per configuration. MSSA wins on time saving
across all three configurations. The largest margin
is for the Qwen3-235B / Qwen3.6-35B pair: 40.0%
time saving vs. 19.4% for breadth-only, a +20.6 pp
improvement, with the GPT-120B / GPT-20B pair
very close behind at +20.1 pp (33.6% vs. 13.5%).
The third pair, GPT-120B / GPT-120B, shows the
smallest gap (+7.8 pp: 36.0% vs. 28.2%). The
gain is largest when the Actor—Speculator latency
gap is largest and Speculator predictions are accu-
rate: under those conditions, the speculative tree
resolves several levels deep while the root Actor
is still in flight, producing long cascades. When
the same model serves both roles (GPT-120B /
GPT-120B), though with different reasoning-level
settings as mentioned previously, the latency gap
shrinks and the depth advantage of MSSA shrinks
accordingly. More information about the latencies
of different models with their providers is provided
in Appendix D

These gains are not free. MSSA pre-launches
Actor calls at every tree node, so its cost is
always higher than breadth-only’s. The over-

head is roughly 6—7x for the cheaper GPT-OSS
pairs ($0.428 vs. $0.068 per episode for GPT-
120B/20B; $0.269 vs. $0.036 for GPT-120B/120B)
and roughly 2 x for the most expensive Qwen3 pair
($1.326 vs. $0.676).

5.2 Effect of Breadth and Depth

To isolate the contributions of breadth and
depth, we conduct two complementary ablations
with the GPT-OSS-120B/20B pair: a breadth
sweep over b € {2,3,5,7,10,15,20} at fixed
max_inflight_actor = 15, and a budget sweep
over max_inflight_actor € {5,10,15,20,25,30}
at fixed b = 2. Figure 2 reports the resulting time
saving for both sweeps on a shared y-axis.

Effect of breadth. The breadth curve (blue) is
flat at low b, jumps sharply between b=>5 and b="7,
and then exhibits clear diminishing returns: it peaks
around b=15 and slightly declines beyond. Past the
jump, each additional unit of breadth buys progres-
sively less speedup, indicating a practical sweet
spot in the range b € [10, 15] where widening spec-
ulation further no longer translates into additional
parallelism gain.

Effect of Depth. The Actor budget controls the
effective depth of the speculative tree: a larger bud-
get lets more pre-launched Actor calls run concur-
rently, so the tree can grow deeper while the root
Actor is in flight and support longer cascades. The
budget curve (red) in Figure 2 shows time saving
rising from 18.2% at a cap of 5 to 20.0% at 10 and
29.4% at 15, then flattening: 30.6% at 20, 29.3%
at 25, and 30.3% at 30. Beyond a cap of roughly
15-20 the curve enters the shaded plateau region:
increasing the budget further does not meaning-
fully improve time saving, and the +1 std. dev.
band widens, indicating noisier runs under heav-
ier concurrency. The practical sweet spot is there-
fore around max_inflight_actor € [15, 20], where
nearly all of the achievable speedup is captured
without the extra API cost and rate-limiting pres-
sure of launching more concurrent Actor calls than
the cascade can productively exploit.

Hit composition. Figure 3 explains the jump.
The regular hit rate is roughly flat across b: each
step’s first prediction either matches or it does not,
and widening the search at the same step has only
a secondary effect on first-step match probability
for this Speculator. The cascaded hit rate, in con-
trast, rises steeply with b and overtakes the regular



Max Inflight Actor

5 10 15

20 25 30

=0= Varying breadth b (max inflight actor = 15)
70 { |- Varying max inflight actor (b = 2)

40 plateau here onwards
T 0,

34.9% 34.4% 33.1%
30 . ' —{]

+1 std dev (breadth)
+1 std dev (max inflight)

41.1%

60 -
X s0-
=)
£
>
©
n
w -
£ 2
= 22.5% 22.1% 4%
20 |
=== o
1850 20.0%
10
0- '
2 3 5

L

30.6% 29.3%

30.3%

7 10 15 20

Speculation breadth b

Figure 2: Time saving (%) under two independent ablations on the GPT-OSS-120B/20B pair, plotted on a shared
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Figure 3: Regular hit rate and cascaded hit rate (fraction
of 15 steps) vs. breadth b. The dotted line marks b=7,
where cascaded hits overtake regular hits.

hit rate at b=7, because wider speculation raises
the probability that descendant Actor calls have
already resolved by commit time, enabling longer
cascades. This growth, however, does not continue
indefinitely: beyond b~ 10 the cascaded hit rate
stagnates (Appendix E), so additional breadth no
longer lengthens cascades. Pushing b even higher
is in fact mildly counter-productive for time saving:
under a fixed max_inflight_actor budget, a larger
b creates more children per level and exhausts the
Actor budget at a shallower depth, so the specula-
tive tree cannot grow as deep and cascade chains
shorten. This explains both the diminishing returns
and the slight decline in time saving at large b.

Takeaway. Both breadth and depth lift time
saving steeply at first and then plateau—around
b € [10,15] and max_inflight_actor € [15,20],
respectively—so MSSA’s practical operating point
lies at the joint sweet spot of these two plateaus.

6 Analysis

Why cascades grow with b, then stagnate. A
cascade is simply a run of consecutive hits. As
b increases, the Speculator emits more candidate
actions per step, so the chance that one of them
matches the Actor’s true move goes up—the per-
step hit probability rises. Because each step is now
more likely to be a hit, the chance that several steps
in a row are all hits rises even faster, and these
consecutive hits are exactly what the cascade mech-
anism commits without waiting. This is why the
cascaded hit rate climbs sharply with b. The effect
cannot continue forever, however: once b is large
enough to already cover the Speculator’s plausible
moves, further widening only adds redundant or
low-probability candidates that the Actor would
never take, so the per-step hit probability—and
with it the cascade rate—stops improving and stag-
nates. The empirical distribution of cascade lengths
(Appendix E, Figure 6) confirms this: the distribu-
tion shifts rightward as b grows, with mean cascade
length rising from 1.6 at b=2 to 3.9 at b=10, after
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Figure 4: (a) Hit rate and (b) miss count across speculative breadth b (rows) and step index 0-14 (columns) for the

GPT-OSS-120B / GPT-OSS-20B pair.

which it no longer lengthens.

Predictability across step index. Hit rate also
depends on where in the game a step occurs. The
opening moves of a chess game come from a small,
well-studied set of standard openings, so a fast
Speculator can guess them reliably—early steps are
easy to predict. As the game progresses the board
drifts away from these familiar patterns, the number
of reasonable moves grows, and the Actor’s choice
becomes harder to anticipate from the state alone,
so hit rate naturally tends to fall over the course of
a trajectory. Breadth counteracts this decline: with
more candidates per step, even a hard-to-predict
mid- or late-game position is likely to have at least
one of the b guesses match the Actor. The per-
step hit-rate heatmap in Figure 4 shows exactly
this pattern—step 0 is near 1.0 even at small b,
late steps collapse to 0.0-0.2 at b=2 but recover to
0.67-1.0 at b=10 and b=20—so wide speculation
effectively flattens the step-wise hit-rate decline
by providing broad coverage in the positions that
are otherwise hardest to predict. A more detailed
reading of the heatmap, including the step-0 timing
artifact at large b, is provided in Appendix F.

7 Conclusion

Multi-Step Speculative Actions (MSSA) unifies
breadth and depth into a single asynchronous,
event-driven pipeline parameterized by b and
max_inflight_actor. Across three Actor—Speculator
pairs, MSSA improves time saving over the
strongest breadth-only baseline by up to +20.6 per-
centage points, with cascaded hits—enabled by the
depth dimension—as the dominant driver of these
gains. Both axes plateau (around b € [10, 15] and
max_inflight_actor € [15,20]), defining MSSA’s
practical operating point. The committed trajectory
is identical to that of a sequential agent, so accuracy

is never traded for speed.

Limitations

Single environment. We evaluate in only one en-
vironment (chess in TextArena), a deliberate scop-
ing choice: our goal is to propose MSSA and an-
alyze it deeply enough to make the breadth—depth
dynamics interpretable rather than to maximize
benchmark coverage. Applying MSSA to stochas-
tic, partially-observed, or longer-horizon agentic
tasks is a natural direction for follow-up work.

Inference under rate limiting. We access all
models through OpenRouter, which frequently
throttles concurrent requests. MSSA still beats
the breadth-only pipeline under these conditions,
suggesting our gains are conservative; It would be
interesting to measure how much further multi-step
speculation can go when this constraint is removed
e.g. with models hosted on dedicated cloud hard-
ware, run locally, or served through a powerful
enterprise API without rate limiting.

Blind tree expansion. MSSA expands tree nodes
blindly: every Speculator-returned action becomes
a child whose Actor and Speculator calls are
pre-launched, incurring substantial API cost. A
natural next step is to expand selectively based
on prediction confidence—e.g. verbalized self-
assessment or Speculator logits—to retain most
of the speedup at lower cost. Jointly learning b and
max_inflight_actor online (Guan et al., 2025) are
further directions.
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A Models and Generation Parameters

We list every model used in our experiments below,
with a link to its HuggingFace repository (model
card and weights):

1. GPT-OSS-120B — openai/gpt-oss-120b
2. GPT-OSS-20B — openai/gpt-o0ss-20b

3. Qwen3-235B — Qwen/Qwen3-235B-A22B
4. Qwen3.6-35B — Qwen/Qwen3.6-35B-A3B

Generation parameters. The same parameters
are used across all experimental configurations and
were set in the YAML configs of the released code-
base.

* Actor: max_tokens 30,000;
ing enabled (disable_thinking
reasoning_effort = medium.

* Speculator: max_tokens = 10,000; reasoning
disabled (disable_thinking = true);

* Sampling: temperature and top_p are left at
each provider’s defaults; we do not override ei-
ther.

reason-
false),

B Pipeline Walkthrough

Here, we expand Section 3 with a step-by-step trace
of the three pipelines in Figure 1, using the figure’s
notation: s; is the confirmed state at step ¢, a; the
Actor’s ground-truth action, a; the Speculator’s
i-th candidate at step ¢, and 8/ the hypothetical
state reached by applying ;. Blue arrows denote
Actor calls, red arrows Speculator calls, hatched
red regions pruned subtrees, and the purple region
the wall-clock time saved.

Sequential pipeline. Starting from sg, the Actor
is called to produce ag, which advances the envi-
ronment to s1; the Actor is then called from s; to
produce a1, yielding so, and so on through az — s4.
No call is ever issued before its predecessor re-
solves, so the total wall-clock time is the sum of
four Actor latencies with no overlap.
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Breadth-only pipeline. At s( the Actor call for
ag is issued, and simultaneously the Speculator
predicts two candidates dol and dOQ, leading to hy-
pothetical states 3{ and §7. An Actor call is pre-
launched from each. When the ground-truth Ac-
tor at sg returns ag, the system keeps whichever
branch matches: if a¢ matches ag, the subtree at 3
is pruned (hatched red) and the pre-launched Actor
at 32 carries forward to so. Because the next step’s
Actor was already in flight, the cold inter-step gap
is removed—but speculation extends only one level,
so step t+1 begins with no pre-computation and
the pattern restarts cold at every confirmed state.

Multi-step pipeline (ours). At sy the Actor and
Speculator launch concurrently as before. When
the Speculator at s resolves with g, a2, two chil-
dren 31, 37 are created and each pre-launches both
an Actor call and its own Speculator call. When
the Speculator at 32 resolves with af,a?, grand-
children 34, 33 are created and again pre-launch
their Actor and Speculator calls. This recursion
continues—bounded only by the inflight Actor
budget—building a tree of depth d entirely while
the root Actor at s is still waiting to resolve. When
the root Actor returns ag and a2 matches, the sub-
tree at §1 is pruned and 37 becomes the new root.
Crucially, the Actor at 32 may have already re-
solved during the root Actor’s wait; if so, the algo-
rithm commits it immediately and advances again.
The same two-way match applies at each promoted
root, so a streak of correct predictions (a7 matches,
then G2 matches, . ..) commits several steps back-
to-back with no network wait—the purple cascade
region. A mismatch at any depth abandons the re-
maining subtree and restarts speculation from the
newly confirmed state, costing exactly the sequen-
tial baseline at that step.

C Model Pricing

Model Reasoning In ($/M) Out ($/M)
GPT-OSS-120B  Medium 0.127 0.554
GPT-0OSS-20B None 0.058 0.206
Qwen3-235B Standard 0.240 2.274
Qwen3.6-35B Standard 0.449 2.890

Table 3: Input/output token pricing for models evaluated
in this work (per million tokens).

The Table 3 above provides the average cost in-
curred by each model for its respective reasoning

setting when accessed through OpenRouter.

D Provider Latency Variance

OpenRouter serves the same model through
multiple upstream providers, and as Figure 5
shows, these providers exhibit markedly differ-
ent latencies—differing by more than an order of
magnitude for an identical model. Because Open-
Router routes requests across these providers dy-
namically, an unpinned run gives no control over
which provider serves the Actor versus the Specu-
lator. This directly threatens the core assumption
of our algorithm: that the Actor is slow and the
Speculator is fast. Without pinning, the Specu-
lator could be routed to a slow provider and the
Actor to a fast one, collapsing or even inverting the
latency gap the speculative tree relies on, and mak-
ing measured speedups uninterpretable. We there-
fore pin the provider via the provider.order field
in every request, deliberately selecting a higher-
latency provider for the Actor and a low-latency
one (typically Grog-hosted, also preferred for low
variance) for the Speculator, so the slow-Actor /
fast-Speculator regime the algorithm assumes is
guaranteed and held fixed across all runs.

E Cascade Length Distribution

7 s
Cascading length

Figure 6: Distribution of cascade lengths across specu-
lation breadths b (Gaussian-smoothed, 0=0.9).

We define the cascade length of a cascade as the
number of steps committed back-to-back in a sin-
gle warm-pipeline burst—that is, the number of
consecutive hits the algorithm confirms without
any cold restart, starting from the first hit in the run
and continuing through every subsequent hit until
a miss or a still-pending Actor ends the streak. A
cascade length of 1 means an isolated hit (the next
step was a miss or required a fresh wait), whereas
a cascade length of, say, 5 means five consecutive
steps were committed with no network wait be-
tween them. Longer cascades are precisely where
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the depth component of MSSA pays off, so the
full distribution of cascade lengths—not just its
mean—is informative: a distribution concentrated
at length 1 indicates breadth-like behavior, while a
distribution with substantial mass at larger lengths
indicates that deep speculation is actively saving
steps. Figure 6 plots this distribution for each spec-
ulation breadth b.

At b=2 the distribution is heavily right-skewed
with mean cascade length 1.6: most hits are iso-
lated. As b grows the distribution shifts right and its
tail thickens. The mean cascade length increases
to 1.9 at b=>h, 2.8 at b=7 and b=15, and peaks
at 3.9 for b=10. Non-trivial probability mass ap-
pears at cascade lengths 8-14 once b > 10, but
the marginal benefit of widening further is small—
consistent with the time-saving plateau in Figure 2.

F Per-Step Hit Heatmaps

Here, we provide further explanation about the
per-step hit-rate heatmap shown in Figure 4. The
dominant trend in Figure 4(a) is that increasing b
raises the probability that any given step is a hit:
reading down each column, the hit rate generally
rises with breadth, and the late-game columns in
particular brighten substantially as b grows. Con-
cretely, late-game steps are hard for the Speculator
at low b—at b=2, steps 10-14 frequently fall to 0.0—
0.2 hit rate—but increasing b flattens this decline,
with the same steps reaching 0.67-1.0 at b=10 and
b=20. Broader coverage thus provides resilience to
late-game positional diversity even when no single
prediction is reliable.

One apparent exception is worth explaining.
Step O (the opening move) achieves near-perfect hit
rates at small b, but its hit rate is actually lower at
large b than at small b—the opposite of the general
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trend. This is not because the opening becomes
harder to predict; empirically, the Actor at step O
returns very quickly, sometimes even before the
Speculator, because the start position is not com-
plex and requires little reasoning about the opening.
When the ground-truth Actor resolves before the
Speculator’s predictions are available, the step is
recorded as a miss regardless of how predictable the
move was. At larger b this effect is amplified: the
much larger volume of concurrent requests makes
OpenRouter more likely to throttle or rate-limit
the Speculator, delaying its predictions further and
causing the fast step-0 Actor to return ahead of it
more often. Step O therefore reflects a timing ar-
tifact of our inference setup rather than a genuine
drop in opening-move predictability.

G Prompts

We use a single fixed prompt per role across all
configurations and runs; only the reasoning-effort
setting differs between the Actor and the Specula-
tor (Section 4). Both roles share the same system
prompt and the same environment observation; the
Speculator additionally receives the instruction in
Figure 7 appended to the observation.

Actor / Speculator system prompt.

You are a competitive game player. Make
sure you read the game instructions
carefully, and always follow the
required format. Reason extensively
and deeply, and then return your move.
Important: always return a valid move
and a valid move only, even if you are
uncertain.

Environment observation (user message). The
TextArena chess environment supplies, at every
step, an observation of the form:



[GAME] You are playing as {turn} in
a game of Chess. Make your moves in
UCI format enclosed in square brackets
(e.g., [e2e4]).

[GAME] The current board is:

{board}

[GAME] The valid moves are:
{valid_moves}.

where {turn? is the side to move, {board} is the
rendered board (derived from the FEN string), and
{valid_moves} is the list of legal UCI moves.

Speculator instruction. For the Speculator, the
following is appended to the observation, with
{num_guesses} set to the breadth b:

Reason very very succinctly about
the next move, return {num_guesses}
candidates for the next move, ordered
from most to least favorable. IMPORTANT
FORMAT: Your response must be a
comma-separated list of moves in
[UCI_MOVE] format, like: [e2e4], [e2e3],
[d2d4] (exact syntax with square
brackets and commas between moves!).
For example: [e2e4], [d2d4], [gif3].
Ensure all moves are from the list
of valid moves. Even if uncertain,
return exactly {num_guesses} candidates.
Reason very very quickly, no need to
truly think about each of the candidates,
just return the most likely candidates
and return precisely {num_guesses} valid
moves — no more, no less.

Figure 7: Speculator instruction appended to the envi-
ronment observation.

Retry prompt. If a model returns a malformed
or illegal move, the following is appended and the
call is re-issued (up to a fixed retry budget):

Attempt {attempt} failed, please
remember that you are acting as {role}
in the chess game, and you need to make
a valid move from the last valid moves
list. Return the move in the format
[UCI_MOVE], for example [e2e4].
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